We review and extend some results for a generalized Ginzburg-Landau energy functional, introduced in the physics literature to model composite superconducting/normal body. In this formulation, the order parameter is defined everywhere in the composite system, with the intention to capture the effect of superconducting electrons pairs diffusing in the normal parts. For suitable choices of the materials conductivities, one can show that a superconductor in contact with a normal material may not exhibit surface superconductivity in decreasing applied fields.
Introduction
A composite system of superconducting/normal materials is traditionally described within the Ginzburg-Landau theory via the so-called de Gennes boundary condition or, if the normal regions are inclusions or impurities, by a generalized vector potential, where a given smooth function is taken to be non-positive in the normal parts. These approaches are appropriate in many occasions, but there are situations when they might fail to represent all the possible behaviors; remarkably, for particular choices of the normal state conductivities, as pointed out in physics papers [5, 6, 18, 8] .
First introduced in the physics literature in the sixties [8, 18] , the model in discussion was re-proposed in greater mathematical details in [7] . Over the years it has been used in numerical (see for example [7] , [12] , [11] ) and, for specific configurations, in analytical works (see as an example [17] ), with much of the attention reserved to the numerical analysis of the important phenomena of pinning of vortices and tunneling of the supercurrent. General classical analytical questions were not typically addressed. Inspired by the paper of Hurault [18] , we concentrate initially on the case of a bounded superconductor surrounded by a normal material. In our work [13] , we address the classical questions of existence of minimizers and estimates on critical points in two and three dimensions. We extend as well to this model the standard result, presented in [15] , of loss of superconductivity in high magnetic field. The goal was to develop the necessary rigorous set-up needed to explore the claim made in [18] that in decreasing fields and for specific values of the conductivity of the two materials, there would be no surface superconductivity in the transition from the normal state. In other words, to look at the dependence of the critical field H c3 upon the conductivities of the involved materials.
In a subsequent work [14] , we conduct a rigorous analysis of Hurault work and studied surface nucleation at a normal/superconducting interface. For values of the Ginzburg-Landau parameter κ large but fixed, that is for type II superconductors, we derive that the third critical field H c3 does in fact depend on the ratio of the conductivities, and that there exists a threshold value of this ratio below which H c2 = H c3 . Our results are in agreement with the experimental and theoretical ones presented or predicted in the physics literature, [5, 6, 18, 10] . The approach proposed by Hurault, which is standard when first studying the onset of superconductivity (see for example [25] ), consists in considering a semi-infinite superconductor, filling an half-space, and a normal material, which in turn fills the other half-space, in the presence of a constant applied magnetic field parallel to the surface of contact. This simplified model is widely used in the study of surface superconductivity, for via the study of a one-dimensional eigenvalue problem, it supposedly provides in its essential characteristics the behavior of the nucleation field, [18, 10] . More precisely, the nucleation field and the location of nucleation for the standard Ginzburg-Landau energy have been the subject of many papers, and typically the upper and the lower bound estimates for the critical field are obtained using test functions that are constructed using cut-off functions and eigenfunctions of the reduced one-dimensional eigenvalue problem. This means in particular, that the eigenvalue of the one-dimensional problem appears as a leading term in the asymptotic expansion of the critical value of the original problem.
A recent preprint [20] derives the above picture in the so-called high-kappa limit for the two-dimensional situation, assuming the permeability to be the same for both materials. The analysis presented uses the techniques of Helffer and Morame. The author also shows that if the ratio of the conductivities is sufficiently large, the nucleation takes place at the point on the boundary of maximum curvature, as already known for a superconductor in a vacuum, and derives an asymptotic expansion of the critical field in the high kappa limit, using the methods developed for the classical Ginzburg-Landau by Helffer and Pan. To compare with our work, we remark that the author expresses the eigenvalue problem in a different way than we do, so his statements are slightly different, and in particular the one-dimensional problem that he studied is slightly different. However, the main difference in our treatments comes from the fact that [20] assumes the permeability to be the same on both sides of the interface, since the physically accurate situation, where the magnetic permeabilities differ, appears to imply difficulties that the author can not overcome.
The energy density is presented in section 2. In section 3 we review existence of minimizers and classical estimate on solutions, as well as loss of superconductivity in high fields. In section 3, we look at the onset of superconductivity. We review our results for the one-dimensional problem, and we extend them to the case of a two-dimensional superconductor filling the half-space x < 0, in contact with a normal material filling the half-space x > 0.
Energy density
We will distinguish between normal and superconducting quantities with the help of the subscripts n and s, respectively. Hence, for example, D s will denote the region occupied by the superconducting material, while D n the one occupied by the normal one. We denote in bold vector valued variables.The paper of Chapman, Du and Gunzburger [7] (see also [18, 13] ) suggests the following dimensional form for the energy density:
We restrict the problem to the case of one superconductor and one normal material, together filling R n , n ≤ 3. However, it is clear how more general cases could be modeled. As in the classical Ginzburg-Landau theory, superconductivity is described by the complex order parameterψ and the magnetic potential A, which is related to the induced applied field H by the formula:
The supercurrent density is given by the relation:
The applied magnetic field isH a . For fixed temperature T , we have a s ≡ a s (T ) = a s (0) (1 − T /T cs ) and a n ≡ a n (T ) = a n (0) (1 − T /T cn ), where a s (0) < 0, a n (0) < 0 are constant depending on the materials, and T cs , T cn are the socalled zero-field critical temperatures of the materials. We consider situations for which T cn < T cs and look at range of temperatures T cn < T < T cs , so that a s < 0 and a n > 0. The positive constants m s , m n depend as well on physical parameters, and their ratio, m n /m s , is proportional to the ratio, σ s /σ n , of the normal conductivities of the materials. The constant b s > 0 is characteristic of the superconducting body, and µ s , µ n > 0 denote the permeability densities of the superconducting and the normal part, respectively. The remaining constants are as follows: e s = e n = 2e, where e is the electron charge, are the superconducting charge carries,f s ,f n are the free energy densities of the materials in the non-superconducting state in the absence of an applied field, and 2π is Planck's constant.
In the mathematical literature, one typically works with non-dimensional variables, where the quantities chosen depend on the nature of the problem under consideration. An interesting case has been made for using temperatureindependent variables (see [24] ). Nevertheless, for various reasons we decided to work with temperature-dependent ones. In [13] , to compare our results with the ones for the Ginzburg-Landau energy presented in [15] we keep their nondimensionalization; while in [14] since we are interested in the onset of superconductivity, we select the second critical field in a vacuum as the reference field, in this work we will employ this second choice. In particular, for lengths we use the coherence length at temperature T of the superconducting material, ξ s (T ), for the order parameter the ratio |a s (T )|/b s , and for magnetic fields the second critical field of the superconducting material, H c2 = H c2 (T ). The corresponding non-dimensional energy density
leads to the generalized Ginzburg-Landau functional:
where 
Critical states are derived as solutions to the Euler-Lagrange equations of (2) . We look at applied fields H a ∈ L 2 loc (R n ; R 3 ), and consider
weak solutions to
As in the classical Ginzburg-Landau theory, the solutions to (3) are invariant under the gauge transformation (ψ, A) → (ψ , A ), where
for an arbitrary real valued function η ∈ H 2 loc (R n ). A normal state is represented by a weak solution (ψ, A) = (0, A N ) of (3), where A N satisfies weakly
To investigate the onset of superconductivity, in [14] , we took
Since, in this set-up, if h is close to or greater than h c2 ≡ 1, the induced magnetic field should be parallel to the applied field, and the modulus of the order parameter should depend only on x, [25] , the standard simplified assumption is to consider only states of the form:
with f (x) real-valued, and k 2 , k 3 constants to be determined. The supercurrent is then given by −1/m (A − k 2 ) f 2 , so that A − k 2 is the physically significant quantity, while individually A and k 2 are determined up to a constant. We follow [3] , and use this degree of freedom to have a real order parameter, that is we consider k 2 = 0. Therefore, if we substitute (5) in (2) , and notice that, for f and A fixed, the choice k 3 = 0 lowers the energy, we are reduced to consider (f, A) ∈ H 1 (R) × H 1 loc (R; R) minimizers of the energy:
where, χ − denotes the characteristic function of the interval (−∞, 0) and χ + the one of (0, ∞). Note that the normal states are pairs of form (0, h (µ x − ω)) for ω ∈ R fixed. In the following sections when referring to the case n = 1, we will be talking about the energy functional (6).
Global minimizers
The proof of existence of global minimizers resembles the one for the classical Ginzburg-Landau energy of a superconductor filling the whole space. In general, the magnetic potential component of finite energy states does not belong to any Sobolev space W p,r (R n ; R n ), but it only has bounded curl in the L 2 −norm. In the situation where the order parameter is defined everywhere, the natural space to consider for the physically relevant magnetic potentials is related to the one needed to solve the Laplace equation in R n , [1] . In particular, existence of global minimizers in dimension n = 1, 2, 3 can be established in the weighted Sobolev spaces, W 1,2 0,0 (R n ; R n ), studied in [1] ; see also [16] . The case of a superconducting material filling the whole space R n , n = 2, 3 in the presence of an applied field H a ∈ L 2 (R n ; R 3 ) is studied by Y. Yang in [26, 28] . In three dimensions, [26] , existence is proven for magnetic potentials in the closure of C ∞ 0 (R 3 ; R 3 ) with respect to the semi-norm || || L 2 (R 3 ;R 3 ) , which is the same as the weighted Sobolev space W 1,2 0,0 (R n ; R n ) defined in [1] . For the two-dimensional case, [28] , to overcome some difficulties peculiar to dimension two, a direct variational method is used to prove existence in a subspace of an ad hoc defined Hilbert space. In fact in [16] , we prove that this Hilbert space is equivalent to W 1,2 0,0 (R 2 ; R 2 ), thus showing that essentially the physically relevant states live in the same space as the solutions of the Laplace operator in R n . The main difference in the existence proof between dimensions is due to the fact that for n = 1, 2 the L 2 -norm of the curl in general controls the norm in W 1,2 0,0 (R n ; R n ) of divergence free vectors only up to constants, and therefore some extra care is needed.
We consider, in [13, 14] , existence of minimizers for H a = h e if n ≤ 3, where h is a positive constant and e ∈ R 3 is a fixed unit vector, and for H a ∈ L 2 (R n ; R 3 ), if n = 2, 3. In particular, we prove the following results: The last theorem tells that for large enough, constant, applied magnetic fields for n = 1 the normal states are the only global minimizers. This is true also for n = 2, since we were able to prove, in the spirit of the results obtained for the classical Ginzburg-Landau energy [15] , the existence of an upper critical field, for which the only finite energy weak solutions of (3) are the normal states. In other words, if we denote by h the so-called upper critical field, defined as h := inf{h : normal states are the only finite energy weak solutions to (3) for all h > h };
we have the following theorem:
In the three-dimensional case, we can prove h < ∞, only if the permeability is constant in R 3 , that is µ ≡ 1 in R 3 (see Section 4.2 in [13] ), while in the general case we recover a result analogous to the one for superconducting films presented in [27] :
Let n = 3, for m, κ s , a, µ fixed as h → ∞, any finite energy weak solution tends to the normal state. (see Theorem 4.7 in [13] )
Notice how in three-dimensions the seemingly simple hypothesis µ = constant can not be treated once again using the same approach valid for the constant case.
We recall that W 1,2 0,0 (R n ; R n ) denotes the space of vector functions with components in the space
where
(see [1, 14] for details) [26] ,Ȟ 1 (R 3 ) as in [15] , and H as in [28] (see [16] ).
The existence proofs use the fact that the space W 1,2 0,0 (R n ; R n ) is a reflexive Banach space with respect to the norm
and an Hilbert space with respect to the induced scalar product. As well as, more fundamentally, that
defines a seminorm, for which a Poincaré-type inequality holds, that is
Onset of superconductivity
In our non-dimensional setup, when studying the nucleation of superconductivity in decreasing fields, we are looking at fields h ≥ h c2 ≡ 1. A comparison of (1) and equation (4) in [18] gives m n /m s = σ s /σ n , hence the normal state should become unstable at a field h n c3 (m n /m s ) > 1 when m n /m s > 1, and remain stable down to h c2 ≡ 1 when m n /m s ≤ 1. Additionally, from previous works (see for example [2, 22] ), we know that the nucleation field in a vacuum verifies H c3 = H c2 /β * 0 , with β * 0 defined as in Lemma 5.2 in [21] . Therefore, we also expect h
for m n /m s → ∞ and h n c3 (m n /m s ) increasing in m n /m s > 1. We obtain for the energy (6) the above picture in our paper [14] , where we define, following physical intuition, the nucleation field h n c3 (m n /m s ) as the field below which there are normal states that are not local minimizers, and above which every normal state is a local minimizer.
If we now look at the two-dimensional case, and we repeat the analysis in [14] , to study the critical field where the normal state loses stability and other critical points emerge, we need to analyze the second variation of (2). We let φ ∈ H 1 loc (R 2 ) and B ∈ W 1,2 0,0 (R 2 ; R 2 ) be arbitrary, and compute the second variation around (ψ ≡ 0, A = (0, hµx)):
We find that the normal state is stable for fields h such that σ(h, mn ms ) > 1, where
Heuristically speaking, in a thin strip near the superconducting/normal interface one may consider a domain that is simply half superconducting and half normal. If one straighten the boundary so that the curvature is zero everywhere, we are lead to study the variational problem where the full space is split into two parts with the interface a hyperplane. In this situation, the leading term of the variational problem (7) should be given by the formula:
where m = 1 for {x < 0}, m = mn ms for {x > 0}, χ + is the characteristic function of {(x, y) : x > 0}, and the magnetic potential is A = (0, hx) for {x < 0}, and A = (0, h µn µs x) for {x > 0}. Notice the difference between (7) and (8) in the definition of the superconducting and normal domains. In particular, in (7) the superconducting region is bounded.
Critical points of the variational eigenvalue problem (8) satisfy
with the choice of A = (0, hµx) the equation more explicitly appears as
The critical value below which the normal state loses stability is then
and, as for the one-dimensional case, we take H * as our choice for the definition of the nucleation field h n c3 (m n /m s ). The value of σ is related, as we will show in Lemma 4.3 below, to the values of the one-dimensional eigenvalue problem
where h > 0, ω ∈ R, and χ + is the characteristic function of {x ∈ R : x > 0} We analyze (12) in [14] while studying the stability of normal states for (6) . In fact, in the one-dimensional setup, using the second variation of (6), we find that for τ > 1 the normal states are stable local minimizers, whereas for τ < 1 there are directions where the normal state is not a local minimizer. In particular, we show that for h > 0, ω ∈ R and all other parameters fixed, there is an eigenfunction f ω ∈ H 1 (R) where the infimum in (12) is attained (cf. Theorem 4.2, [14] ); and, we analyze the properties of τ and (h, ω) where τ = 1.
Lemma 4.1 ( [14] ) Let m n , m s , a, µ n , µ s be fixed and h > 0, ω ∈ R.
1. There exists a unique h = h(ω, The proof of the lemma above uses estimates, obtained in [21] , for the following eigenvalue problems:
and
where z, t ∈ R. We then show that for our definition of the nucleation field there is a dependence on the ratio of m n to m s , in the fashion indicated by the physical literature. 
In this context we define h
We make in the following lemma the connection between the eigenvalue σ as defined in (8) in two dimensions, and the eigenvalue τ of the problem when reduced to one dimension, in a way equivalent to the one presented by Lu-Pan in [21] , for the case when the normal material is replaced by vacuum. 
Proof. Following Lu-Pan [21] , for any h > 0 we find
by using, in the definition, of σ the test function φ n = η n (y)e ihωy f ω (x), where f ω is the eigenfunction associated with τ (h, ω), and η n (t) is a smooth cut-off function with 0 ≤ η ≤ 1, compact support in {|t| < n + 1}, η(t) = 1 for |t| < n and η ≤ 2.
To show the opposite inequality we follow again Lu-Pan.
, and denote by F(φ(·, y)) = f (·, ω) the Fourier transform in y, applying Parseval's identity we obtain:
If we now use the variational definition of τ , we continue
Since φ is an arbitrary test function for which the Rayleigh quotient is finite in the variational problem determining σ, it follows that σ(h, m n /m s ) ≥ inf ω τ (ω, h).
The relation between σ and τ implies that the critical values we obtain for the one-dimensional problem are also the critical values in two-dimensions, as we show in the following lemma. Proof Note that from Lemma 4.3, we know that
Additionally, a direct computation shows that τ (h, ω) is continuous and strictly increasing in h > 0, when other parameters are fixed. We claim that H * ( mn ms ) ≥ h * ( mn ms ). In fact, if h < h * then there is an ω 0 such that h < h(ω 0 , m n /m s ), which implies τ (h, ω 0 ) < 1 and thus inf ω τ (h, ω) < 1.
On the other hand, we can show that inf ω τ (h
As before we use the strictly increasing property of τ for fixed ω to find:
Hence inf ω τ (h * , ω) = 1. This with the previous inequality implies that H * (
If m n /m s ≤ 1 from the inequality τ (h, ω) ≤ hλ(h 1/2 ω), where λ is defined as in (13) , and the fact that inf z λ(z) = 1 proven in [21] , we have inf ω τ (h, ω) ≤ h, and since by Lemma 4.2 we have h * = 1, we conclude inf ω τ (h * , ω) ≤ 1, and as above we obtain H * ( mn ms ) = h * .
Note that the above lemma confirms the complete experimental picture also for this particular two-dimensional setup.
The stability of normal states in a similar context has been studied in the case of a bulk superconductor occupying the whole space R 2 . It is well known ( [21] , [9] ) that the variational problem has an L 2 (R 2 ) eigenfunction, associated with the eigenvalue σ R 2 = 1. If the superconducting domain is a half-plane with the other half occupied by a vacuum, in [21] it is proven the nonexistence of an L 2 (R 2 + ) eigenfunction. Furthermore, in [9] it is shown that any bounded solution to the associated PDE corresponding to the smallest eigenvalue, must have the form e iωy f (x) where f is the first eigenfunction of : f + h 2 (x − ω * ) 2 f = β * 0 f , f (0) = 0. In particular, the solutions decay only away from the interface, while all points along the interface are equally supportive of the nucleation process. In the case of wedges with corner angle θ ≤ π 2 , L 2 eigenfunctions exist and decay away from the corner. ( [4] , [23] , [19] ) It is then natural to ask the question if the superconducting/normal infinity domains discussion falls in either case. As expected, see Corollary 4.5 below, it is straightforward to check that substituting a vacuum with a normal material has no effect from the point of view of the non-existence of nontrivial L 2 eigenfunctions. Proof. From (20) and the computational method in (21) we can show that (8) has no L 2 (R 2 ) eigenfunctions following the argument of Lu and Pan in [21] . By contradiction, assume there is φ a (nontrivial) eigenfunction in H 1 (R 2 ) associated with σ, with Fφ(·, y) ≡ f (·, ω) as in (21) 
Since σ(h, m n /m s ) ≤ τ (h,ω) for anyω ∈ R, and σ does not depend onω, we conclude that either |f | 2 = 0 almost everywhere, and so φ = 0 a contradiction, or there is some value of h such that τ (h,ω) = τ 0 > 0 for anyω ∈ R. On the other hand, if f 0 is the eigenfunction of τ (h, 0), for anyω one has τ (h,ω) f 
so that forω large, we would have τ 0 < τ 0 , which is a contradiction. The rest of the corollary is proven by taking ψ(x, y) = e iωy f (h,ω) (x) where f (h,ω) is the eigenfunction associated with τ (h(ω, mn ms ), ω) = 1, and noticing that this function satisfies (10) .
